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It has long been recognized that a control current I a injected into the section of a twojunction superconducting quantum interference device (SQUID) is able to produce a change of its critical current I c , so that a current gain g = |dI c /dI a | can be identified.
We investigate the circumstances under which large gains can be achieved by using vertical Josephson interferometers which are characterized by small loop inductances.
We discuss the theory of operation of such a novel device, its performances and its advantages with respect to planar interferometers used in the previous works. Two potential applications are addressed. 
I. INTRODUCTION
Josephson interferometers lie at the core of the most sensitive detectors of magnetic flux currently available 1 . They are amazingly versatile, being able to measure any physical quantity that can be converted to a flux. As demonstrated by Clarke and Paterson 2 three decades ago, one can use a dc SQUID as a current amplifier by injecting a signal current I a into part of the superconducting loop and detecting the resultant change in the critical current I c . The current gain |dI c /dI a | can be increased by making the inductance in the two branches of the interferometer asymmetric, thereby skewing the transfer function I c (I a ) 3 .
At liquid helium temperature current gains as large as 20 were demonstrated with a P b − Cu/Al − P b SQUID although in a small current range 2 ; however, due to the Nyquist noise, at liquid nitrogen temperature, the largest achievable gains are of the order of few units 4, 5 .
In this work we propose to replace the planar interferometer used in all the previous The three-dimensional sketch of the proposed device is shown in Fig.1 , together with the coordinate system used in this work. Here the current I a flows along the base electrode of a parallel plate superconducting-insulating-superconducting strip-line terminated at each extremity by a properly sized hysteretic JTJ; the insulating layer can be made of a anodic native oxide or some silicon oxides or a combination of both (it should not be confused with the much thinner Josephson tunneling barrier). The JTJs can be resistively shunted, to transduce the current modulation into voltage changes. If the thicknesses t s of the two superconducting strips forming the VJI are much greater than their superconducting penetration depth λ, then the magnetic thickness is d = t ox + 2λ, and the magnetic flux Φ a associated with the current I a flowing in any strip is efficiently coupled to the VJI pickup loop area A loop = ld of the order of 100µm 2 , i.e., much smaller than the typical area of planar loops. Small pickup loop areas correspond to small loop inductances which make the interferometer relatively insensitive to external magnetic disturbance 3 . In addition, the device full compatibility with any all-refractory Niobium technology developed for the fabrication of window-type JTJs permits to continuously adjust its electrical and geometrical parameters over a wide range. Furthermore, it is easy to design since it does not require input coils, feedback loops, flux transformers and so on. For the same reasons a VJI also requires a very limited space and it is ideal for highly integrated environments. It is worth to anticipate that the presented findings do not constitute an improvement in the state-of-theart of current sensors, but are intended for specific applications where the device simplicity matters more than its ultimate performances.
The paper is organized in the following way. The basic equations describing a Josephson interferometer are listed in Sec.II together with a short review of the principle of current amplification with dc SQUIDS. Then our VJI-based current amplifier is described (Sec.III):
we discuss the working principles, estimate the main electrical characteristics (such as current gain, sensitivity, dynamic range, etc.), discuss the impact of the device geometry on its current gain and provide hints for the design of real devices. This is followed by a discussion of two possible applications in Sec.IV. Finally, the conclusion are drawn Sec.V.
II. THE DOUBLE-JUNCTION INTERFEROMETER
Let us consider the double junction interferometer, shown in Fig.2(a) , consisting of a superconducting loop linked to an external magnetic flux Φ e and interrupted by two Josephson links marked by an ×. The direct bias current I b flowing through the junctions can be fed into the loop at an arbitrary point A and extracted out at an arbitrary point B which makes, in general, the interferometer lacking of any feed symmetry. Throughout this paper it is assumed that the system thermal energy k B T is much lower than the Josephson energies Φ 0 I c ,r /2π, so that thermal fluctuations can be neglected and a deterministic analysis is possible 3 ; in practice, at liquid He temperature, the low temperature limit requires that I c ,r > 1µA. The bias current I b can be expressed in terms of the gauge invariant phase differences φ and φ r across the left and right junctions, respectively, as 8 :
In this work we will neglect the junction capacities since we limit our interest to stationary effects, although high frequency applications can be thought of up to the GHz range 9 . The single-valuedness condition for the phase of the superconducting wave function around the loop (fluxoid quantization) yields 8 :
in which n is an integer number called winding number and Φ 0 = h/2e 2.07 × 10 
with φ e = Φ e /Φ 0 and β l,r = 2L ,r I c ,r /Φ 0 . The β parameters measure in each interferometer's arm the ratio between the magnetic energy in the self-inductance L ,r I can be large over a certain φ e range which provides a better sensitivity to flux changes.
Particularly interesting is the case of ultimate asymmetry, i.e., when one β parameter is vanishingly small; the case with β = 0 and β r = 2 is shown in Fig.3 (b) (in this paper we set β ≤ β r ). Now the threshold curve envelope is made by linearly decreasing segments with slope −2(β
r ) alternated by steeply increasing S-shaped branches whose appearance is practically independent on the β r , except that for an offset term. The analysis of the numerical solutions led to the empirical expression:
It is well known that the double junction modulation depth i + c,min /i + c,max is independent on the interferometer feed asymmetry 11, 12 . In fact, it only depends on
when β L < 1, the SQUID has a pronounced modulation depth, i.e., i we have:
where α = I c /I cr . We will make use of this equation in next section to estimate the current gain of a asymmetric dc-SQUID.
Let us now consider the case when a direct current I a is fed to the bottom interferometer arm, as illustrated by the electrical scheme in Fig.2 
or, rearranging,
We note that Eq.(6) equals Eq.(3), if the effective normalized flux through the loop is φ = φ e − φ a 13 . In other words, the signal current I a can be detected and measured through the change of the magnetic flux threading the loop area; in the absence of an externally applied magnetic field (φ e = 0), the linked flux is proportional to I a with the proportionality constant depending on the geometrical details of the device through the inductance L a .
III. THE VERTICAL JOSEPHSON INTERFEROMETER
Without any practical loss of generality, we will only consider those VJIs having = r = 1/2
meaning that the bias current I b enters and leaves the interferometer at the same abscissa leaving full arbitrarity on L ,r .
To determine the device's performances we first have to compute the transfer function Φ a (I a );
being Φ a = L a I a , the inductance L a has to be found. Insofar as the strip-line magnetic thickness d is much smaller than the width w of the current-carrying strip, the magnetic field H a perpendicular to the loop area generated by a current I a flowing along the xdirection is approximately given by I a /w 14 ; in fact, in the wide strip approximation, most of the magnetic energy is confined in the region between the plates and the fringing field 
where the fringing-field factor K lowers the inductance value being always larger than unity.
Ultimately we have that L a = Ll. With a similar reasoning it is found that, for a VJI, the total loop inductance is L = L +L r = 2L a , as intuitively expected. Inserting experimentally reasonable values w = 10d = 20t s = 5µm (corresponding to K 1.4), we obtain L With I c = i c I 0 and I a = φ a Φ 0 /L a , the current gain g = |dI c /dI a | is given by β a |di c /dφ| /2 where β a = 2L a I 0 /Φ 0 . Both β a and di c /dφ depend on the specific device geometry; Figs. 4(a) and (b) show the top views of two such geometries. In the first case the configuration is fully symmetric, so that L l = L r = Ll = L a , i.e., β = β r = β 0 = β a . Since, as previously seen, in this case the threshold curve has a triangular shape with absolute slope -to the lowest order -equal to 2/β 0 = 2/β a , then, independently on electrical and geometrical parameters of the interferometer, g 1 indicating a one-to-one correspondence between the applied signal and the critical current change. This is at variance with the values predicted in Ref.
(g π) and in Ref. 4 (g 2) for a symmetric interferometer. Such small gains although not attractive for the realization of amplifiers can be nevertheless sufficient to sense currents otherwise difficult to detect.
In the second case the bias current I b is injected asymmetrically in such a way that L = 0 and L r = 2Ll = 2L a = L (i.e., β = 0 and β r = 2β a ), so that the response I c (I a ) will be skewed as that in Fig.3(b) and tends towards a saw-tooth waveform. On the (less steep) linear branches, with |di c /dφ| 2/β r = 1/β a , the current gain is even lower: g 0.5;
fortunately, large current gains can be achieved flux biasing the interferometers on the Sshaped regions where the threshold curve is steepest. To maximize the gain, a proper static flux φ e has to be applied so as to bias the SQUID at the steepest point of the I c (I a ) curve;
with a VJI this can be easily achieved by a controlled magnetic field applied normal to loop area, i.e., in the y-direction of Fig.1 . Considering that, if
then Eq.(5) allows us to derive the following general expression for the current gain:
In other words, for practical implementations as a current amplifier, an interferometer asymmetry as large as possible is required 2 . However what matters are the absolute β values and not their ratio. In the experiments it is sometime difficult to realize devices having a very high degree of inductance asymmetry; when this is the case, β can be kept small by properly reducing I c . As it is, Eq. (8) does not contains any dependence on the critical current asymmetry and it also applies when I c = I cr ; a small correction to the gain can be derived from Eq.(5) when α = 1. Considering the numbers already used above and with 2I 0 = (I c + I cr ) ≈ 500µA, then β r 10, i.e., current gain as large as 10 can be readily achieved.
The efficient operation of the amplifier requires that the applied current I a essentially flows in the bottom arm of the interferometer, so that the fraction ρ of the current I a inductively diverted in the top arm through the Josephson links can be neglected. According to the notations of figure Fig.2(b) , ρ is given by: with the last equality inferred from considering that, for a VJI,
The condition ρ << 1 is satisfied when the sum of the non-linear inductances of the Josephson elements L j ,r = Φ 0 /2πI c ,r cos φ ,r is much larger than L a which is certainly true whenever the interferometer is operated close to its critical currents where, as Eq. (5) indicates, cos φ ,r ≈ 0 for at least one JTJ. It can be shown that the magnetic flux Φ a associated to the control current I a is reduced by a factor 1 − 2ρ, for ρ << 1.
IV. PRACTICAL APPLICATIONS
It has been recognized that SQUID-based devices theoretically can operate at very high frequencies up to several tens of gigahertz making them attractive for several applications, such as high-frequency amplifiers, oscillators, or phase shifters 9 . More specifically vertical interferometers are also currently used as double junction SIS mixers for wide-band millime-VJIs and in this section we will consider a couple of its possible static applications.
A. Supercurrent detection
Nowadays, the superconducting electronics is invariably based on thin films. Because of its purely inductive internal resistance, the most natural application of the device under study is to sense the zero-voltage current flowing through a superconducting film in a sort of clamp meters. This task is accomplished by simply building a properly designed VJI on top of the current carrying strip. The optimal sensor design stems from a compromise between sensitivity and dynamic range. The current sensitivity of the detector, set by the smallest change in I c that we can appreciate, among other things, is proportional to the amplifier gain which, as seen in the previous section, for an asymmetric interferometer increases with β a . Since β a , in turn, is proportional to the VJI length l, any large gain can be achieved in principle; however, the largest β a value is set by the current range ∆I a over which current amplification is required. Indeed, reminding that in the large inductance limit, to the lowest order, ∆I c = I c,max − I c,min
after some algebra, we end up with ∆I a = (1 + α)/(8παI cr )(Φ 0 /Ll) 3/2 from which the interferometer length l can be inferred, once the critical currents I cr and I c = αI cr have been established from independent criteria.
A right critical current I cr = 500µA can be obtained from a 5 × 5µm We conclude this section with the observation that, if a higher current sensitivity is required, then the distance l between the JTJs can be increased, but correspondingly the junction critical current I cr has to be consistently decreased in order to keep the product l 3 I cr constant. We like to stress that, because of its limited sensitivity, our device cannot compete with any SQUID based galvanometer 23 or current comparators 24 used nowadays. To give a practical example, considering, as in the previous section, I c ≈ 500µA and g ≈ 10 and
assuming that the measurement resolution of the critical current is about 1 part in 10 3 , we have a signal resolution of about 50nA. It is worth to mention that Russo et al. 25 have recently demonstrated that at liquid He temperatures the interferometer critical current can be determined with at least one order of magnitude better accuracy by measuring the switching current distributions.
B. Nondestructive fluxoids readout
As one more possible application of the proposed device, let us consider the layout made by two superconducting loops biased as depicted in Fig.5(a) , whose corresponding electrical diagram is shown in Fig.5(b) . We will see that it is possible to use the upper loop consisting of a vertical double junction interferometer to detect the persistent current associated to the eventual flux quanta trapped in the lower loop whose geometry is uninfluential. Several factors conspire to render detection of the persistent currents extremely difficult; the current flows only around a closed path, so the effect is lost if a device like an ammeter is put into the circuit to measure it directly. The vortex imaging is nowadays accomplished by means of high-sensitivity SQUID microscopy techniques in which a small area pick up coil scans the ring neighborhood 29, 30 .
The system analysis now requires two fluxoid quantization conditions; for the VJI loop threaded by an external flux Φ e it is:
while, for the lower loop threated by a flux Ψ e : being I b = I L + I R = I + I r , I L = I + I m and I R = I r − I m . Indeed, the lower ring might be interrupted by one or more JTSs to mimic flux qubit devices 18 , however, for simplicity, we will only consider the case of a continuous loop. Note that the magnetic fluxes Φ e and Ψ e can be controlled separately by two independent magnetic fields applied, respectively, in the y and z-directions. The common current I m can be eliminated form Eqs. (9) and (10) to yield: 2πn = φ − φ r + 2πφ e + 2πσ(ψ e − m)
where we have introduced the dimensionless
, as expected, we recover Eqs. (3) and (6), respectively.
Introducing the effective left and right inductances:
and the corresponding effective β coefficients, β e l,r = 2L e ,r I c ,r /Φ 0 , we end up with:
2π(n + σm) = φ − φ r + 2π(φ e + σψ e ) + πβ e sin φ − πβ e r sin φ r ,
i.e, with a new problem in complete correspondence to the original one stated by Eqs. Figs.6 show the layouts of two practical devices capable to readout the ring winding number (symmetric and asymmetric configuration). In the former case, L = L r L loop /2 and, since the circular VJI spans over almost 360 degree,
It is worth pointing out that 19 , due to the presence of a counter electrode acting as a superconducting ground plane, the ring inductance is given by the product of its circumference times the inductance per unit length in Eq. (7), L loop = 2πRL, which is considerably smaller than the inductance for an isolated ring L ring = µ 0 R(ln 16R/w − 2). For the asymmetric configuration in Fig.6 
guarantees the feed asymmetry). The asymmetric design provides a better sensitivity and, at the same time, allows to discriminate between flux and antiflux quanta. Of course, both φ e and ψ e need to accurately known, otherwise one can only measure the relative changes.
Let us note that the normalized flux φ e only depends on the radial component H r of an eventual externally applied magnetic field, while ψ e is related to its transverse component 
V. CONCLUDING REMARKS
A large variety of Josephson devices capable of current amplification were the object of many research activity even before the discovery of the high-T c superconductors [26] [27] [28] . The two-junction interferometer is an excellent example of the Josephson circuitry which combines the device simplicity with great dynamic behavior. Notably, the asymmetric quantum interferometer can be viewed as a three-terminal device with current amplification. In this paper, a novel transistor-like device capable of current amplification is analyzed and a theory for its behavior is presented. In the proposed device, the interferometer supercurrent is modulated by a dissipationless current flowing in the base electrode of a superconducting strip line. Simple estimates indicate that this device can indeed be used as an amplifier, exhibiting sufficient gain to be interesting for practical applications. A potential drawback of such amplifiers is their limited dynamic range: as the flux variation in the SQUID has to be smaller than a flux quantum, the input signal must not exceed Φ 0 /L. Nevertheless the flexibility in design can compensate for such disadvantage. Two niche applications have been presented for which the experimental verification has been planned.
